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ABSTRACT

We discuss statistical manifolds [1] with connections of constant - curvature. If the statistical manifold has some «- connection of constant curvature then it is a conjugate symmetric manifold [2]. But the converse

is not true [3]. Statistical models on families of probability distributions provide important examples of above-mentioned connections. Normal statistical models have the constant a- curvature k“”:# for any
parameter a. We obtain that the Pareto two-dimensional statistical models [4] has such a structure: each of its a- connection has the constant curvature (—2a — 2). The logistic two-dimensional statistical
so it is a conjugate symmetric manifold [6]. We consider a Weibull two-dimensional statistical model: its 1-connection has the constant curvature

k(1 ) — 1271'27—1 44'y+72
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model [5] has the constant 2-curvature k(2)=—m :

where v=1liMp_ o0 (351
We compare the values of a - curvatures for the different statistical models.

— log n) is Euler-Mascheroni constant. Thus, the Weibull model is a conjugate symmetric.
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STATISTICAL MANIFOLD

CONJUGATE STATISTICAL MANIFOLD

Let M be a smooth manifold, dimM = n,
(-, -} = g be a Riemannian metrics,

K be a (2,1) - tensor such that (1) K(X, Y)
X, Y, Z are vector fields on M.

Then a triple (M, g, K) is a statistical manifold.

If D is the metric connection, i.e.Dg = 0, « is a real-valued parameter,

then the linear connections of 1 - parameter family v = D + o - K are called a - connections.

= K(Y,X): (2) (K(X,Y),2Z) = (Y,K(X, 2Z)), where

STATISTICAL MODEL

Let S = {P, | i =1,...,n} be afamily of probability distributions on a measurable space with a
probability measure P, 9i=-2;
log p(x | 6") denotes the natural logarithm of the likelihood function.

Then S is called a n - dimensional statistical model.

The Fisher information matrix /;;(#) = [ dilog p - djlog p - pdP

and the components K,-,-k(0)=—% [ Bilogp - djlogp - Oxlogp - pdP (j,k =1,...,n)
give the structure of the statistical manifold (P, Ij;, Kjj) on S.

The covariant components of a - connections named Amari-Chentsov connections are

ri(0) = [(9i9;log p - dxlog p + 528;log p - djlog p - I log p) - pdP
NORMAL 2-pim MODEL

2
p(x | p,o) = J—exp{-Y 5 ip=0",0=06%>

WEIBULL 2-pim MODEL

k
PO A k) = () ()" exp{—(()* 1A= 6" > 0,k = 62> 0;x > 0.
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The distribution functionis F(x | A, k) =1 — exp{—(§)"}, logarithm of the likelihood function and its
partial derivatives are
Inp(x | A\, k) = In(§) +(k—1)-In(3) — (§)"; OrInp(x | A\, k) =

k k k.
_X + )\k+1X ’

A Inp(x | A\ k) = % +(1— (§)") . In(§). We obtain the non-zero components of the structure as
()2 e
I = 7>‘_1 772+6'72)\—12*y+6
2 by 6k2
det l; = &5z
_ 2 2_
Kiti=—(%)3, Ki12=Ki21=Ka11=252%, Ki12o=Kp12=Kpp=—"FE 20112

22— 40(3)—27°+12y°~12y+2
Kopo=" (2=7)— ()2k;v v =12y

Consider the case o = 1. Then we have the non-zero components ()}, of Amari-Chentsov
connections on the Weibull model as

k41 272 —6v+6 w2 —6)k
(O], = —EL, (07, =0 1, = 28048 (02, =) 13, = G20
Ul o —127r+67r v(2—7)+72(v—1)2—72¢(3) (v — 1)>\ (1)|-2 _ 271'2(2—7) 12¢(3)+12v— 12

22 = 6m2k3 w2k
Theorem 4.Weibull two-dimensional statistical model IS a conjugate symmetric statlstical manifold. Its

1-connection has the constant curvature

1272~ — 144~ + 72
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where v = limp_o0 (O pq % — log n) is Euler-Mascheroni constant.
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Denote Ry, a curvature operator of 7, Ric® a Ricci tensor of \7¢

wg a volume element associated to the metrics.

We call (M, g, K) a conjugate symmetric manifold, when R§, g = 0 for any parameter a.
This is equivalent to the equality R*=R~“ for any dual « - connections.

Theorem 1. If some « - connection has a constant « - curvature k(9 i.e.
R*(X,Y)Z=k*({(Y,Z2)X — (X,2Z)Y), then (M, g, K) is a conjugate symmetric manifold.
Theorem 2. If (M, g, K) is a conjugate symmetric manifold with « - connections which are
(1) equiprojective, i.e. R*(X,Y)Z = ﬁ(Rica(X, Z)Y—Ric*(Y, 2)X),

(2) strongly compatible with the metrics g, i.e. (Vv%9)(Y,Z)=(</$9)(X,Z); v wg = 0,
then (M, g, K) is a statistical manifold of a constant « - curvature.

PARETO 2-pim MODEL

p(x|a,p)=paxra=606">0,p=6?>0;x > a.
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The distribution function is F(x | a, p) = 1 — (3)”, the non-zero components of the structure are

P2
,ﬁ=<(%) g)

Kini=—(3) - (5)°, Ki12=Ka12=Koz1=—755, Kozo=15.

2ap’
Then we have the non-zero components (¥}, of Amari-Chentsov connections on the Pareto

model as,

(81 —_ 2 84 (81 P (81 — —_— (81 — & —_ (83 (87 —_— (87
( )I‘]1 = -|2-ap’( )I‘$1 2 )qz =(®) = ( )r$2 =(®) = _2p=( )'-52 = 2—§=
(@2 — _1-a

22 — D
Theorem 3. Pareto two-dimensional statistical model is a statistical manifold of a constant
a~curvature

K = 20 — 2

In particular, k(® = —2, i.e. Riemannian metrics on such manifold has the constant negative curvature.

LOGISTIC 2-DimMm MODEL

1
(1+exp(—ax—b))’

L b2 + 7 41 -ab
17 3a2 ab a2

Kiti=gss, Ki2a=K212=Ka11=55, K211=K112=Ki21=—3% |
Consider the case o = 2. Then we have the non-zero components (Z)I'}k of Amari-Chentsov

connections on the logistic model as

2723 1
@iy = (w2+3)a’ @i, = m= i, =@, = a’

Hence the logistic model has the constant 2-curvature

The distribution function is F(x | a, b) = the non-zero components of the structure are

@ 162
(72 4 3)2

so it is a conjugate symmetric manifold [6].

USEFUL IMPROPER INTEGRALS

(14+plog a)?+1,
psap ’

[ x=p=1dx = ! log® x - x P~ 1dx =

p—1 1+ploga. p+oo
. pa,,,f logx - x—? 'dx = o ) |,

f+°° log® x - x—"1dx = (1+ploga)3;f;1+ploga)+2

0+C>Oxnk1 _xkdx_(n 1)! ("ENk>O);fo IOgX-X"‘1-e—X"dx=—%;

JoF log? x - x*—1 e—"kdx_ 2;;(637,

f+°° log® x - xk—1 e~ dx = 4{(3)4—2'}/(722+273,

where n € N, k >0,y = Ilmnﬁoo(zk 1 k — log n) = 0,577 ... is Euler-Mascheroni constant,

¢(3) =302, 4 w ~ 1,202...is Apery’s constant.

COMPARISON OF CURVATURES

Veo Normalo Logistico Pareton Weibullo
ar=-00 —0,5o A —1,40 —20 A —1,220
a=-1o0 0o o —4o ~ 0,590
ar=-20 1,50 ~ —0,98o —6o o




